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Abstract
In this work we establish a weighted L2 − L2 estimate for inhomogeneous
wave equation in 3-D, by introducing a Morawetz multiplier with weight of power
s(1 < s < 2), and then integrating on the light cones and t slice. With this
weighted L2−L2 estimate in hand, we may give a new proof of global existence
for small data Cauchy problem of semilinear wave equation with supercritical
power in 3-D. What is more, by combining the Huygens’ principle for wave
equations in 3-D, the global existence for semilinear wave equation with scale
invariant damping in 3-D is established.
Keywords: Weighted L2 − L2 estimate; wave equation; global existence;
semilinear.
2010 MSC: 35L71, 35B44
1. Introduction
In this paper, we are devoted to establishing a weighted L2−L2 estimate
for the inhomogeneous wave equation with zero initial data in 3-D
∂2t φ−∆φ = F (t, x), (t, x) ∈ R+ ×R3. (1.1)
For this purpose, we introduce a Morawetz multiplier, which is showed in (2.3)
below, with a power s in the weight varying from 1 to 2. After making compu-
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tation in the polar coordinates, we integrate the resulted equality on the time
slice and the light cones. Finally, by combining Hardy type inequalities, we
establish the weighted L2 − L2 estimate for the solution of (1.1).
As one application, we give a new proof of global existence for small data
Cauchy problem of semilinear wave equation
∂2t φ−∆φ = |φ|p, (t, x) ∈ R+ ×R3, (1.2)
for 1 +
√
2 < p < 3.
Remark 1.1. In [12], the author and Zhou used the multiplier (2.3) with s = 1
to establish a similar weighted L2 − L2 estimate for the inhomogeneous wave
equation, and furthermore demonstrated an elementary proof of global existence
for small data Cauchy proof (1.2) in high dimensions(n ≥ 4).
There have been a long history for the study of the large time behavior of the
small data Cauchy problem of the following semilinear equation in all dimensions
∂2t φ−∆φ = |φ|p, (t, x) ∈ R+ ×Rn. (1.3)
The pioneering work is due to John [8], in which he proved global existence
for the Cauchy problem (1.2) with smooth data for p > 1 +
√
2 and blow-up
for 1 < p <
√
2 with appropriate assumption on the data. Then Strauss [18]
announced a critical power pc(n)(n ≥ 2) for the small data Cauchy problem of
(1.3), which is the positive root of the following quadratic equation
(n− 1)p2 − (n+ 1)p− 2 = 0.
Here critical power means that if p ∈ (1, pc(n)] there will be no global solutions
while if p ∈ (pc(n),∞) the solutions exist globally in time. This conjecture has
been completely solved recently, we refer the reader to [4, 5, 17, 15, 16, 23, 3,
19, 22, 24] and references therein. The key point for global existence in [8], John
established the following weighted pointwise estimate for the solution to (1.1)
with zero data∥∥t(t− r)p−2φ∥∥
L∞(R1+3+ )
≤ Cp
∥∥∥tp(t− r)p(p−2)F∥∥∥
L∞(R1+3+ )
, (1.4)
2
for 1 +
√
2 < p ≤ 3, where r = |x| and Cp denotes a constant depending on p.
Lindblad and Sogge [13] established an analogy of (1.4) without the weight |t−r|,
which involves the Lp norm of the radial variables, and showed a somewhat
simpler proof. We point out that both the methods in [8] and [13] heavily rely
on the explicit expression of the solution of the linear wave equation in 3-D. Not
much later, Georgiev, Lindblad and Sogge [3] established a weighted Strichartz
estimate with simpler weights which are invariant under Lorentz rotations, and
can give an elementary proof of global existence for small data Cauchy problem
(1.2) with p > 1 +
√
2. In this work, based on the weighted L2 − L2 estimate,
we are going to establish another analogy of (1.4), which includes the weights
|t + r| and |t − r|, and L2 normal of the angular variable. Then we may show
global existence for the small data Cauchy problem (1.2) for 1 +
√
2 < p < 3,
avoiding to use the explicit formula of the solution.
Another application of our weighted L2−L2 estimate is to prove the global
existence for small data Cauchy problem of semilinear wave equation with scale
invariant damping in 3-D
∂2tΦ−∆Φ+
2
1 + t
Φt = |Φ|p, (t, x) ∈ R+ ×R3. (1.5)
Here, scale invariant means that, under the following scaling
Φ˜(t, x) := Φ(σ(1 + t)− 1, σx), σ > 0,
the equation
∂2tΦ−∆Φ+
2
1 + t
Φt = |Φ|p, (t, x) ∈ R+ ×Rn (1.6)
remains invariant. By using the the so-called Liouville transformation
φ(t, x) := (1 + t)Φ(t, x),
equation (1.6) will be changed into
∂2t φ−∆φ =
|φ|p
(1 + t)p−1
, (t, x) ∈ R+ ×Rn. (1.7)
For the small data Cauchy problem (1.6), or equivalently, (1.7), we know it ad-
mits a critical power p = pc(n+2), due to the known results. We refer the reader
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to [21, 2, 1, 14] and references therein. However, the global existence results in
high dimensions(p > pc(n + 2), n ≥ 3) have only been established under sym-
metrical assumption. See [2] for n = 3, [1] for odd and higher dimensions(n ≥ 5)
and [14] for n ≥ 4. We aim to prove global existence to the small data Cauchy
problem (1.5) for p > pc(5) without radial symmetrical assumption. However,
compared to the Cauchy problem of (1.2), we have two difficulties. Firstly, we
may take derivative to the equation (1.5) only one time at most, due to the fact
1 < pc(5) < 2. Secondly, an additional weight will appear in the nonlinear term
after making the Liouville transformation. We overcome the first difficulty by
establishing a new weighted estimate to the solution, based on Sobolev embed-
ding and our weighted L2 − L2 estimate, while the second one is overcame by
using the Strong Huygens’ principle for wave equations in 3-D. We demonstrate
the details in section 5.
Remark 1.2. For the small data Cauchy problem of
∂2tΦ−∆Φ+
µ
1 + t
Φt = |Φ|p, (t, x) ∈ R+ ×Rn, (1.8)
it is conjectured that the critical power is p = pc(n+µ). There are some partial
results on blow-up and lifespan estimate, see [7, 9, 10, 11, 6, 20] and references
therein.
2. Weighted L2 − L2 estimate
In this section we first establish the weighted L2−L2 estimate for the inho-
mogeneous wave equation with zero initial data.
Theorem 2.1. Consider the following Cauchy problem of wave equation ∂
2
t φ−∆φ = F (t, x), (t, x) in R+ ×R3,
φ(0, x) = φt(0, x) = 0, x ∈ R3.
(2.1)
Suppose that
supp F ⊂ {|x| ≤ t+ 1},
4
then we have
sup
t
( ∥∥∥(t+ 2− r)s/2∇t,xφ∥∥∥
L2(R3)
+
∥∥∥∥(t+ 2− r)s/2 (φr
)∥∥∥∥
L2(R3)
+
∥∥∥∥(t+ 2− r)s/2 (∇S2φr
)∥∥∥∥
L2(R3)
)
≤Cδ
∥∥∥(t+ 2 + r)s/2(t+ r − 2)1/2+δF∥∥∥
L2(R+×R3)
,
(2.2)
for any constant δ > 0 and 1 < s < 2. And Cδ denotes a positive constant
depending on δ.
Proof 2.1. We introduce the following multiplier
X =(t+ 2 + r)s(∂t + ∂r) + (t+ 2− r)s(∂t − ∂r)
+
1
r
((t+ 2 + r)s − (t+ 2− r)s)
=(t+ 2 + r)s
(
∂t + ∂r +
1
r
)
+ (t+ 2− r)s
(
∂t − ∂r − 1
r
)
.
(2.3)
Multiplying the equation in problem (2.1) with the above multiplier, we have
Xφ(∂2t φ−∆φ)r2 = XφFr2.
Next we shall compute the left side of the above equality in polar coordinate
in several steps. First, we have
(t+ 2 + r)s(φt + φr)r
2φ
=(∂t − ∂r)
[
1
2
(t+ 2 + r)sr2(φt + φr)
2
]
+ r(t+ 2 + r)s(φ2t − φ2r)
+ (∂t + ∂r)
[
1
2
(t+ 2 + r)s(∇S2φ)2
]
− s(t+ 2 + r)s−1(∇S2φ)2
−∇S2 [(t+ 2 + r)s(φt + φr)∇S2φ] ,
(2.4)
where
(∇S2φ)2 = (∂θφ)2 +
1
sin2 θ
(∂ϕφ)
2
if we use the following polar coordinates
x = r sin θ cosϕ,
y = r sin θ sinϕ,
z = r cos θ.
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In a similar way, we may compute the second part of the multiplier as
(t+ 2− r)s(φt − φr)r2φ
=(∂t + ∂r)
[
1
2
(t+ 2− r)sr2(φt − φr)2
]
− r(t+ 2− r)s(φ2t − φ2r)
+ (∂t − ∂r)
[
1
2
(t+ 2− r)s(∇S2φ)2
]
− s(t+ 2− r)s−1(∇S2φ)2
−∇S2 [(t+ 2− r)s(φt − φr)∇S2φ] .
(2.5)
For the third part of the multiplier we have
[(t+ 2 + r)s − (t+ 2− r)s]φrφ
= [(t+ 2 + r)s − (t+ 2− r)s] r
{

φ2
2
− [φ2t − (∇xφ)2]}
=(∂t − ∂r)
[
(t+ 2 + r)s(∂t + ∂r)
(
rφ2
2
)]
− (∂t + ∂r)
[
(t+ 2− r)s(∂t − ∂r)
(
rφ2
2
)]
− [(t+ 2 + r)s − (t+ 2− r)s] r(φ2t − φ2r)
+
1
r
[(t+ 2+ r)s − (t+ 2− r)s] (∇S2φ)2
−∇S2
{
1
r
[(t+ 2 + r)s − (t+ 2− r)s]∇S2
(
φ2
2
)}
.
(2.6)
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Adding the three parts, i.e. (2.4)-(2.6), together, we have
(∂t − ∂r)
{1
2
(t+ 2 + r)sr2(φt + φr)
2
+(t+ 2 + r)s
φ2
2
+ (t+ 2 + r)srφ(φt + φr) +
1
2
(t+ 2− r)s(∇S2φ)2
}
+(∂t + ∂r)
{1
2
(t+ 2− r)sr2(φt − φr)2
+(t+ 2− r)s φ
2
2
− (t+ 2− r)srφ(φt − φr) + 1
2
(t+ 2 + r)s(∇S2φ)2
}
+
1
r
[
(t+ 2 + r)s − (t+ 2− r)s − sr(t+ 2 + r)s−1 − sr(t+ 2− r)s−1]
×(∇S2φ)2 −∇S2 (Xφ∇S2φ)
=(∂t − ∂r)
[
(t+ 2 + r)s
2
r2
(
φt + φr +
φ
r
)2
+
(t+ 2− r)s
2
(∇S2φ)2
]
+(∂t + ∂r)
[
(t+ 2− r)s
2
r2
(
φt − φr − φ
r
)2
+
(t+ 2 + r)s
2
(∇S2φ)2
]
+
1
r
[
(t+ 2− (s− 1)r)(t+ 2 + r)s−1 − (t+ 2− r)s−1(t+ 2 + (s− 1)r)]
×(∇S2φ)2 −∇S2 (Xφ∇S2φ)
=XφFr2.
(2.7)
It is easy to see that
(t+ 2− (s− 1)r)(t + 2 + r)s−1
=(t+ 2)s
(
1− (s− 1) r
t+ 2
)(
1 +
r
t+ 2
)s−1
.
By Taylor expansion we may verify that for 1 < s < 2 and r ≤ t+ 1(
1− (s− 1) r
t+ 2
)(
1 +
r
t+ 2
)s−1
≥
(
1− r
t+ 2
)s−1(
1 + (s− 1) r
t+ 2
)
,
and hence
(t+ 2− (s− 1)r) (t+ 2 + r)s−1 ≥ (t+ 2− r)s−1 (t+ 2 + (s− 1)r) . (2.8)
Integrating (2.7) on the time slice t = constant, the lightcone u = t − r =
constant and u = t + r = constant, respectively, and noting the inequality
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(2.8), we have
sup
t
∫
R3
{
(t+ 2 + r)sr2
(
φt + φr +
φ
r
)2
+ (t+ 2− r)s
(
φt − φr − φ
r
)2
+ [(t+ 2+ r)s + (t+ 2− r)s] (∇S2φ)
2
r2
}
dx
+ sup
u
∫
t−r=u
∫
S2
(t+ 2 + r)sr2
(
φt + φr +
φ
r
)2
dωdr
+ sup
u
∫
t+r=u
∫
S2
(t+ 2− r)sr2
(
φt − φr − φ
r
)2
dωdr
≤
∫ ∫ ∫
|Xφ||F |r2drdωdt.
(2.9)
We are going to estimate the right hand side. Recalling the definition of the
multiplier X in (2.3), we have∫ ∫ ∫
|Xφ||F |r2drdωdt
≤
∫ ∫ ∫
(t+ 2 + r)s
∣∣∣∣φt + φr + φr
∣∣∣∣ |F |r2drdωdt
+
∫ ∫ ∫
(t+ 2− r)s
∣∣∣∣φt − φr − φr
∣∣∣∣ |F |r2drdωdt
, I1 + I2.
(2.10)
For I1, by Ho¨lder inequality we obtain for any δ > 0
I1 =
∫ ∫ ∫
(t+ 2 + r)s
∣∣∣∣φt + φr + φr
∣∣∣∣ |F |r2drdωdu
≤ sup
u
(∫ ∫
t−r=u
(t+ 2 + r)s
(
φt + φr +
φ
r
)2
r2drdω
) 1
2
×
∫ (∫ ∫
t−r=u
(t+ 2 + r)sF 2r2drdω
) 1
2
du
≤
(
sup
u
∫ ∫
t−r=u
(t+ 2 + r)s
(
φt + φr +
φ
r
)2
r2drdω
) 1
2
×
(∫ ∫ ∫
(t+ 2− r)1+2δ(t+ 2 + r)sF 2r2drdωdu
) 1
2
.
(2.11)
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In a similar way, we may estimate the term I2 to get
I2 ≤
(
sup
u
∫ ∫
t+r=u
(t+ 2− r)s
(
φt − φr − φ
r
)2
r2drdω
) 1
2
×
(∫ ∫ ∫
(t+ 2 + r)1+2δ(t+ 2− r)sF 2r2drdωdu
) 1
2
.
(2.12)
We then conclude from (2.9)-(2.12) that
sup
t
∫
R3
{
(t+ 2 + r)sr2
(
φt + φr +
φ
r
)2
+ (t+ 2− r)s
×
(
φt − φr − φ
r
)2
+ [(t+ 2 + r)s + (t+ 2− r)s] (∇S2φ)
2
r2
}
dx
≤ Cδ
∫ ∫ ∫
(t+ 2− r)1+2δ(t+ 2 + r)sF 2r2drdωdt
+ Cδ
∫ ∫ ∫
(t+ 2 + r)1+2δ(t+ 2− r)sF 2r2drdωdt.
(2.13)
If we choose δ such that
1 + 2δ ≤ s,
then it follows from (2.13) that
sup
t
∫
R3
{
(t+ 2 + r)sr2
(
φt + φr +
φ
r
)2
+ (t+ 2− r)s
×
(
φt − φr − φ
r
)2
+ [(t+ 2 + r)s + (t+ 2− r)s] (∇S2φ)
2
r2
}
dx
≤ Cδ
∫ ∫ ∫
(t+ 2− r)1+2δ(t+ 2 + r)sF 2r2drdωdt.
(2.14)
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Direct computation yields that
(t+ 2 + r)sr2
(
φt + φr +
φ
r
)2
+ (t+ 2− r)s ×
(
φt − φr − φ
r
)2
= [(t+ 2 + r)s + (t+ 2− r)s]
[
φ2t +
(
φr +
φ
r
)2]
+ 2 [(t+ 2 + r)s − (t+ 2− r)s]φt
(
φr +
φ
r
)
=2(t+ 2− r)s
[
φ2t +
(
φr +
φ
r
)2]
+ [(t+ 2 + r)s − (t+ 2− r)s]
(
φt + φr +
φ
r
)2
≥2(t+ 2− r)s
[
φ2t +
(
φr +
φ
r
)2]
.
(2.15)
Then, the inequality (2.2) follows by combining (2.14), (2.15) and the Hardy type
inequalities showed in Lemma 2.1 below. And we finish the proof of Theorem
2.1.
Lemma 2.1. Let φ be the solution of problem (2.1). For s > 0, we have∫
∞
0
(t+ 2− r)sφ2dr ≤ C
∫
∞
0
(t+ 2− r)s
(
φr +
φ
r
)2
r2dr. (2.16)
and ∫
∞
0
(t+ 2− r)sφ2rr2dr ≤ C
∫
∞
0
(t+ 2− r)s
(
φr +
φ
r
)2
r2dr (2.17)
Hereafter, C denotes a positive constant which varies from line to line.
Proof 2.2. Obviously we have∫
∞
0
(t+ 2− r)sφ2rr2dr
≤2
∫
∞
0
(t+ 2− r)s
(
φr +
φ
r
)2
r2dr + 2
∫
∞
0
(t+ 2− r)sφ2dr.
(2.18)
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By integration by parts, we get∫
∞
0
(t+ 2− r)sφ2dr
=− 2
∫
∞
0
r(t + 2− r)sφφrdr + s
∫
∞
0
r(t + 2− r)s−1φ2dr
=− 2
∫
∞
0
r(t + 2− r)sφ
(
φr +
φ
r
)
dr + s
∫
∞
0
r(t + 2− r)s−1φ2dr
+ 2
∫
∞
0
(t+ 2− r)sφ2dr,
which implies that∫
∞
0
(t+ 2− r)sφ2dr
≤2
∫
∞
0
r(t + 2− r)s
∣∣∣∣φ(φr + φr
)∣∣∣∣ dr
≤2
(∫
∞
0
(t+ 2− r)sφ2dr
) 1
2
(∫
∞
0
(t+ 2− r)s
(
φr +
φ
r
)2
dr
) 1
2
,
where we used the fact that s > 0. Then it follows that∫
∞
0
(t+ 2− r)sφ2dr ≤ C
∫
∞
0
(t+ 2− r)s
(
φr +
φ
r
)2
r2dr, (2.19)
which is exactly (2.16) in Lemma 2.1. The inequality (2.17) follows from (2.18)
and (2.19).
3. Sobolev Embedding
In this section, we will prove a weighted Sobolev embedding inequality
for a function with compact support, by using Hardy type inequality, which is
showed in the Lemma 3.1 below.
Lemma 3.1. Suppose that a smooth function satisfies
supp φ ⊂ {|x| ≤ t+ 1},
then for 1 < s < 2, we have∥∥|t+ 2− r| s2−1φ∥∥
L2(R3)
≤C
(∥∥|t+ 2− r| s2φr∥∥L2(R3) +
∥∥∥∥|t+ 2− r| s2 (φr
)∥∥∥∥
L2(R3)
)
.
(3.1)
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Proof 3.1. The proof of Lemma 3.1 can be showed by direct calculation, by
using integration by parts and Ho¨lder inequality.∫
S2
∫ t+1
0
(t+ 2− r)s−2φ2r2drdω
=− 1
s− 1
∫
S2
∫ t+1
0
φ2r2d(t+ 2− r)s−1dω
≤C
∫
S2
∫ t+1
0
∣∣(t+ 2− r)s−1(2φφrr2 + 2φ2r)∣∣ drdω
≤C
(∫
S2
∫ t+1
0
(t+ 2− r)s−2φ2r2drdω
) 1
2
×
{(∫
S2
∫ t+1
0
(t+ 2− r)sφ2rr2drdω
) 1
2
+
(∫
S2
∫ t+1
0
(t+ 2− r)s
(
φ
r
)2
r2drdω
) 1
2
}
,
and then (3.1) follows.
With this Hardy type inequality in hand, it is easy to get
Theorem 3.1. Suppose that a smooth function satisfies
supp φ ⊂ {|x| ≤ t+ 1},
then for 1 < s < 2, we have∥∥∥r 12 (t+ 2 + r) 12 (t+ 2− r) s−12 φ∥∥∥
L∞r L
2(S2)
≤C
(∥∥(t+ 2− r) s2φr∥∥L2(R3) +
∥∥∥∥(t+ 2− r) s2 (φr
)∥∥∥∥
L2(R3)
)
.
(3.2)
Proof 3.2. We will divide the proof into two cases.
Case 1: t ≥ 3r − 2. In this case, we have
t+ 2 + r ≤ 2(t+ 2− r).
Then for (3.2), we only need to prove∥∥∥r 12 (t+ 2− r) s2φ∥∥∥
L∞r L
2(S2)
≤C
(∥∥(t+ 2− r) s2φr∥∥L2(R3) +
∥∥∥∥(t+ 2− r) s2 (φr
)∥∥∥∥
L2(R3)
)
.
(3.3)
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Actually, by Ho¨lder inequality, we have
r(t+ 2− r)s
∫
S2
φ2(rω)dω
=− r
∫
S2
∫
∞
r
∂λ
[
(t+ 2− λ)sφ2(λω)] dλdω
=− 2r
∫
S2
∫
∞
r
(t+ 2− λ)sφφλdλdω
+ r
∫
S2
∫
∞
r
s(t+ 2− λ)s−1φ2dλdω
≤C
(∫
R3
(t+ 2− r)s
r
φφrdx+
∫
R3
(t+ 2− r)s−1
r
φ2dx
)
≤C
∥∥∥∥(t+ 2− r) s2 (φr
)∥∥∥∥
L2(R3)
×
(∥∥(t+ 2− r) s2φr∥∥L2(R3) + ∥∥(t+ 2− r) s2−1φ∥∥L2(R3)) ,
(3.4)
and hence (3.3) follows from (3.1) and (3.4).
Case 2: t ≤ 3r − 2. In this case, we have
t+ 2 + r ≤ 4r.
Then for (3.2), it is sufficient to prove∥∥∥r(t+ 2− r) s−12 φ∥∥∥
L∞r L
2(S2)
≤C
(∥∥(t+ 2− r) s2φr∥∥L2(R3) +
∥∥∥∥(t+ 2− r) s2 (φr
)∥∥∥∥
L2(R3)
)
.
(3.5)
In a similar way as (3.4), we have
r2(t+ 2− r)s−1
∫
S2
φ2(rω)dω
=− r2
∫
S2
∫
∞
r
∂λ
[
(t+ 2− λ)s−1φ2(λω)] dλdω
=− 2r2
∫
S2
∫
∞
r
(t+ 2− λ)s−1φφλdλdω
+ r2
∫
S2
∫
∞
r
(s− 1)(t+ 2− λ)s−2φ2dλdω
≤C
∥∥(t+ 2− r) s2φr∥∥L2(R3) ∥∥(t+ 2− r) s2−1φ∥∥L2(R3)
+ C
∥∥(t+ 2− r) s2−1φ∥∥2
L2(R3)
.
(3.6)
Again, (3.5) comes from (3.1) and (3.6). Finally, we prove the desired inequality
(3.2) by combining (3.3) and (3.5).
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4. SDGE for Semilinear Wave Equation in 3-D
In this section, we are concerning the global existence for the following
Cauchy problem for 1 +
√
2 < p < 3 ∂
2
t φ−∆φ = |φ|p, (t, x) in R+ ×R3,
φ(0, x) = εf(x), φt(0, x) = εg(x), x ∈ R3,
(4.1)
where f, g ∈ C∞0 (R3) with compacted support
supp f, g ⊂ {x : |x| ≤ 1}.
By combining the weighted L2 − L2 estimate (2.2) in Theorem 2.1 and in-
equality (3.2) in Theorem 3.1, and taking two spherical derivatives to the equa-
tion, we have for 1 < s < 2∥∥∥r 12 (t+ 2 + r) 12 (t+ 2− r) s−12 φ∥∥∥
L∞t L
∞
r H
2(S2)
≤Cε+ Cδ
∥∥∥(t+ 2 + r) s2 (t+ r − 2) 12+δ|φ|p∥∥∥
L2tL
2
rH
2(S2)
≤Cε+ Cδ
∥∥∥(t+ 2 + r) s2 (t+ r − 2) 12+δ‖φ‖p−1L∞(S2)‖φ‖H2(S2)∥∥∥L2tL2r .
(4.2)
Here and afterwards, the norm ‖h(r)‖Lqr for 2 ≤ q < ∞ denotes
∫ |h(r)| r2dr.
Taking s−12 =
1
p , and by using the Sobolev embedding theorem on S
2
‖φ‖L∞(S2) ≤ C‖φ‖H2(S2),
it follows from (4.2) that∥∥∥r 12 (t+ 2 + r) 12 (t+ 2− r) 1pφ∥∥∥
L∞t L
∞
r H
2(S2)
≤Cε+ C
∥∥∥r 12 (t+ 2 + r) 12 (t+ 2− r) 1pφ∥∥∥p
L∞t L
∞
r H
2(S2)
×
∥∥∥(t+ 2 + r) 12+ 1p− p2 (t+ 2− r)− 12+δr− p2 ∥∥∥
L2tL
2
r
.
(4.3)
Let
M ,
∥∥∥(t+ 2 + r) 12+ 1p−p2 (t+ 2− r)− 12+δr− p2 ∥∥∥
L2tL
2
r
,
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then direct computation implies that
M2 =
∫
∞
0
∫ t+1
0
(t+ 2 + r)1+
2
p
−p(t+ 2− r)−1+2δr2−pdrdt
≤ C
∫
∞
0
(t+ 2)1+
2
p
−p
(∫ t+1
0
(t+ 2− r)−1+2δr2−pdr
)
dt
≤ C
∫
∞
0
(t+ 2)1+
2
p
−p+2−p+2δdt
= C
∫
∞
0
(t+ 2)−1+2δ+
2+4p−2p2
p dt.
(4.4)
Since
1 +
√
2 < p < 3,
which implies
2 + 4p− 2p2 < 0,
and hence we may choose δ small enough such that
2δ +
2 + 4p− 2p2
p
< 0,
which in turn yields that
M ≤ C.
We conclude from (4.3) that∥∥∥r 12 (t+ 2 + r) 12 (t+ 2− r) 1pφ∥∥∥
L∞t L
∞
r H
2(S2)
≤Cε+ C
∥∥∥r 12 (t+ 2 + r) 12 (t+ 2− r) 1pφ∥∥∥p
L∞t L
∞
r H
2(S2)
,
(4.5)
then the global existence can be obtained by an iteration argument in a similar
way as that in Lemma 1.3 in [3].
5. SDGE for Damped Semilinear Wave Equation in 3-D
Finally, we consider the small data Cauchy problem for the semilinear
wave equation with scale invariant damping in 3-D ∂
2
tΦ−∆Φ+
2
1 + t
Φt = |Φ|p, (t, x) in R+ ×R3,
Φ(0, x) = εf(x), Φt(0, x) = εg(x), x ∈ R3,
(5.1)
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where f, g ∈ C∞0 (R3) with compacted support
supp f, g ⊂ {x : |x| ≤ 1}.
As mentioned in the introduction, by the transformation
φ(t, x) := (1 + t)Φ(t, x),
problem (5.1) can be rewritten as
∂2t φ−∆φ =
|φ|p
(1 + t)p−1
, (t, x) in R+ ×R3,
φ(0, x) = εf(x), φt(0, x) = ε {f(x) + g(x)} , x ∈ R3.
(5.2)
Next we will show that problem (5.2), or equivalently, (5.1) has global so-
lution for pc(5) < p < 3. Since pc(5) < 2, we cannot take spherical derivatives
twice to the equation due to the nonlinear term, hence in this case, we have to
do more delicate analysis compared to the semilinear wave equation. On one
hand, noting the Sobolev embedding
H1(S2) →֒ Lq(S2), for 2 ≤ q <∞,
which implies by combining the weighted L2−L2 estimate (2.2) in Theorem 2.1∥∥∥∥(t+ 2− r) s2 φr
∥∥∥∥
L∞t L
2
rL
q(S2)
≤
∥∥∥∥(t+ 2− r) s2 φr
∥∥∥∥
L∞t L
2
rL
2(S2)
+
∥∥∥∥(t+ 2− r) s2 ∇S2φr
∥∥∥∥
L∞t L
2
rL
2(S2)
≤C
∥∥∥(t+ 2 + r) s2 (t+ 2− r) 12+δF∥∥∥
L2(R+×R3)
.
(5.3)
On the other hand, by (3.2) and (2.2), we have∥∥∥r 12 (t+ 2 + r) 12 (t+ 2− r) s−12 φ∥∥∥
L∞t L
∞
r L
2(S2)
≤Cδ
∥∥∥(t+ 2 + r) s2 (t+ 2− r) 12+δF∥∥∥
L2(R+×R3)
.
(5.4)
Then making interpolation between (5.3) and (5.4) with
1
σ
=
θ
2
+
1− θ
∞ ,
1
β
=
θ
q
+
1− θ
2
(5.5)
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and
0 < θ ≪ 1,
we come to ∥∥∥r 12− 3θ2 (t+ 2 + r) 1−θ2 (t+ 2− r) s−1+θ2 φ∥∥∥
L∞t L
σ
rL
β(S2)
≤C
∥∥∥(t+ 2 + r) s2 (t+ 2− r) 12+δF∥∥∥
L2(R+×R3)
.
(5.6)
In order to prove global existence for problem (5.2) with p > pc(5) by ap-
plying the above inequality, we also have to use the strong Huygen’s principle
for wave equations in 3-D. The solution for (2.1) can be rewritten as
φ(t, x) = C
∫ t
0
∫
R3
δ(t− τ − |x− y|)
t− τ F (τ, y)dydτ, (5.7)
where δ(·) denotes the Dirac delta function. On the characteristic cone(t− τ =
|x− y|), it is easy to get
t+ 2− |x| = τ + |x− y|+ 2− |x| ≤ 2 + τ + |y|,
which yields for α > 0 by combining (5.7)
(t+ 2− r)αφ ≤ C
∫ t
0
∫
R3
δ(t− τ − |x− y|)
t− τ (τ + 2 + y)
α|F (τ, y)|dydτ. (5.8)
It holds that by combining (5.6)∥∥∥r 12− 3θ2 (t+ 2 + r) 1−θ2 (t+ 2− r) s−1+θ2 +αφ∥∥∥
L∞t L
σ
rL
β(S2)
≤C
∥∥∥r 12− 3θ2 (t+ 2 + r) 1−θ2 (t+ 2− r) s−1+θ2
×
∫ t
0
∫
R3
δ(t− τ − |x− y|)
t− τ (τ + 2 + y)
α|F (τ, y)|dydτ
∥∥∥
L∞t L
σ
rL
β(S2)
≤C
∥∥∥(t+ 2 + r) s2+α(t+ r − 2) 12+δ|F |∥∥∥
L2(R+×R3)
.
(5.9)
In the same way as for the 3-D semilinear wave equation, applying (5.9) to the
Cauchy problem (5.2) after taking one spherical derivative, we get∥∥∥r 12− 3θ2 (t+ 2 + r) 1−θ2 (t+ 2− r) s−1+θ2 +αφ∥∥∥
L∞t L
σ
rW
1,β(S2)
≤Cε+ C
∥∥∥(t+ 2 + r) s2+α(t+ 2− r) 12+δ(1 + t)−(p−1)|φ|p∥∥∥
L2tL
2
rH
1(S2)
≤Cε+ C
∥∥∥(t+ 2 + r) s2+α−p+1(t+ 2− r) 12+δ‖φ‖p−1L∞(S2)‖φ‖H1(S2)∥∥∥
L2tL
2
r
.
(5.10)
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Sine q ≥ 2 and 0 < θ ≪ 1, we may get from (5.5) that β > 2. Then Sobolev
embedding
W 1,β(S2) →֒ L∞(S2)
and Ho¨lder inequality yield that∥∥∥r 12− 3θ2 (t+ 2 + r) 1−θ2 (t+ 2− r) s−1+θ2 +αφ∥∥∥
L∞t L
σ
rW
1,β(S2)
≤Cε+ C
∥∥∥(t+ 2 + r) s2+α−p+1(t+ 2− r) 12+δ‖φ‖pW 1,β(S2)∥∥∥L2tL2r
≤Cε+
∥∥∥r 12− 3θ2 (t+ 2 + r) 1−θ2 (t+ 2− r) s−1+θ2 +αφ∥∥∥p
L∞t L
σ
rW
1,β(S2)
×
∥∥∥r−( 12− 3θ2 p)(t+ 2 + r) p(1−θ)2 (t+ 2− r) 12+δ−( s2− 1−θ2 +α)p∥∥∥
L2tL
2σ
σ−2p
r
.
(5.11)
Let
N ,
∥∥∥r−( 12− 3θ2 p)(t+ 2 + r) p(1−θ)2 (t+ 2− r) 12+δ−( s2− 1−θ2 +α)p∥∥∥
L2tL
2σ
σ−2p
r
,
and
s = 2− 1
p
, α =
3
2p
− 1
2
,
then direct computation yields that for p < 3
N2 =
∫
∞
0
(∫ t+1
0
(t+ 2 + r)(
3
2+
1
p
−
3p
2 −
pθ
2 )
2
1−pθ
× (t+ 2− r)(−1+2δ− pθ2 ) 21−pθ r2−( 12− 3θ2 2p1−pθ )dr
)1−pθ
dt
≤C
∫
∞
0
(t+ 2)3+
2
p
−3p−pθ
(∫ t+1
0
(t+ 2− r)−1+ 2δ−2pθ1−pθ r2− p−3pθ1−pθ dr
)1−pθ
dt
≤C
∫
∞
0
(t+ 2)3+
2
p
−3p+2−p+2δdt
=C
∫
∞
0
(t+ 2)−1+2δ−2pθ+
2+6p−4p2
p dt.
(5.12)
Again, since
pc(5) < p < 3,
which implies
2 + 6p− 4p2 < 0,
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and hence we may choose δ and θ small enough such that
2δ − 2pθ + 2 + 6p− 4p
2
p
< 0,
which in turn yields that
N ≤ C.
We conclude from (5.10) that∥∥∥r 12− 3θ2 (t+ 2 + r) 1−θ2 (t+ 2− r) s−1+θ2 +αφ∥∥∥
L∞t L
σ
rW
1,β(S2)
≤Cε+ C
∥∥∥r 12− 3θ2 (t+ 2 + r) 1−θ2 (t+ 2− r) s−1+θ2 +αφ∥∥∥p
L∞t L
σ
rW
1,β(S2)
,
(5.13)
then the global existence can be obtained by an iteration argument in a similar
way as that in Lemma 1.3 in [3].
Remark 5.1. The restriction for p < 3 comes from the fact α = 32p − 12 > 0.
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